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Abstract 

We study, through path-integral methods, an extension of the mas¬ 
sive Thirring model in which the interaction between currents is non¬ 
local. By examining the mass-expansion of the partition function we 
show that this non-local massive Thirring model is equivalent to a cer¬ 
tain non-local extension of the sine-Gordon theory. Thus, we establish 
a non-local generalization of the famous Coleman’s equivalence. We 
also discuss some possible applications of this result in the context of 
one-dimensional strongly correlated systems and finite-size Quantum 
Field Theories. 
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1 Introduction 


Bosonization, i.e. the equivalence between fermionic and bosonic Green 
functions in 1 + 1 dimensions, has by now a long history [^, that could be 
traced back to the work of F.Bloch on the energy loss of charged particles 
travelling through a metal |@]. In more recent years, the famous Coleman’s 
equivalence proof between the massive Thirring and Sine-Gordon theories 
[^] and Polyakov and Wiegman and Witten’s non-Abelian bosonization [^], 
helped to convert this procedure into a standard and powerful tool for the 
understanding of Quantum Field Theories (QFT’s). All these achievements 
were realized in the context of local QFT’s. 

Recently, the bosonization procedure in its path-integral version [Q 
was applied, for the hrst time, to a non-local QFT, namely, a Thirring model 
with massless fermions and a non-local (and non-covariant) interaction be¬ 
tween fermionic currents The study of such a model is relevant, not only 
from a purely field-theoretical point of view but also because of its connec¬ 
tion with the physics of strongly correlated systems in one spatial dimension 
(Id). Indeed, this model describes an ensemble of non-relativistic particles 
coupled through a 2-body forward- scattering potential and displays the so 
called Luttinger-liquid behaviour [0] that could play a role in real Id semi¬ 
conductors (see for instance P). 

In this paper we undertake the path-integral bosonization of the non¬ 
local Thirring model (NLT) with a relativistic fermion mass term included in 
the action. Using a functional decoupling technique to treat the non-locality 
[^], and performing a perturbative expansion in the mass parameter, we hnd 
that the NLT is equivalent to a purely bosonic action which is a simple non¬ 
local extension of the sine-Gordon model. Thus, our main result can be 
considered as a generalization of Goleman’s equivalence to the case in which 
the usual Thirring interaction is point-splitted through bilocal potentials. In 
the language of many-body, non-relativistic systems, the relativistic mass 
term can be shown to represent not an actual mass, but the introduction of 
backward-scattering effects 0. Therefore, our result provides an alternative 
route to explore the dynamics of collective modes in Id strongly correlated 
systems. 

The paper is organized as follows. In Section 2 we present the model 
and write the partition function in terms of a massive fermionic determinant. 
Then we perform a perturbative expansion in the mass parameter and evalu- 
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ate every free (massless) vacuum expectation value (v.e.v.). This allows us to 
obtain an explicit expression for the partition function of the massive NLT. 
In Section 3 we introduce a modihed sine-Gordon model (NLSG) with an ad¬ 
ditional non-local term. We then consider the corresponding partition func¬ 
tion, make an expansion in the cosine term and compute the free v.e.v.’s, for 
each term in the series. Finally we compare both the fermionic and bosonic 
expansions term by term and hnd that they are equal if a certain relation¬ 
ship between NLT and NLSG potentials is satished. We end this Section 
by briefly showing how our approach can be used to study the Id electronic 
liqnid with back-scattering. We also comment on the possibility of exploiting 
this work in order to shed some light on the validity of Goleman’s equivalence 
at hnite volume. 

In the last Section we snmmarize and stress the main aspects of this work. 

2 Partition function for the massive non-local 
Thirring model 

Let us consider the Lagrangian density of the massive Thirring model 
with a non-local interaction between fermionic cnrrents 

L = J d^yJ^{x)V^f,){x,y)J^{y) - mTT, (2.1) 

where 

Jf,{x) = T(a;)7^T(a;), (2.2) 

and 

y^ix^y) = V^f,){\x-y\) (2.3) 

is an arbitrary fnnction oi\x — y\. We shall use 7 matrices dehned as 

0 )•'''■ = -1) P, 4 ) 

[ 7 ^, 7 ^] = 25/,^, = (2.5) 

The partition fnnction of the model is 

Z = N J ( 2 . 6 ) 
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By using the following representation of the functional delta, 


5{Cfj) = J DA^exp{- J (fxA^Cf,), (2.7) 

we can write Z as 


Z^nJ D<l/DiDA^DB^exp{- J 

( 2 , 8 ) 

where 

Kfxix) = J (fyV(^p{x,y)J^{y). (2.9) 

Please note that no sum over repeated indices is implied when a subindex 
{jj) is involved. 

If we dehne 

B^x{.x) = J (fy V(^i,){y,x)Bf,{y), (2.10) 

B^^{x) = J d^y h(^){y,x)B^{y), ( 2 . 11 ) 

with h(^^){y,x) satisfying 

J d'^y b(^^){y,x)V(^^){z,y) = 6^{x - z), (2.12) 

and change auxiliary variables in the form 

-U = + B0, (2.13) 

Bx = ^(P - B„), (2.14) 

we obtain 

Z = N J DA^DB^ det{0 + ^4 - (2.15) 

where 

= - B^{x)B^{y)] ( 2 . 16 ) 

The Jacobian associated with the change {A, B) {A, B) is held- inde¬ 
pendent and can then be absorbed in the normalization constant N. From 
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( |2.15|) and ( p.l6D we find that the helds are completely decoupled from 
both fermion helds and A^j, helds, so their contribution can be also factorized 
and absorbed in N. Thus we can now write Z as 


Z = N J DA^det{i$ + gA- (2.17) 

with 

>^(-4) = ^j (fxd^yb^f,){x,y)AAx)AAy)- (2.18) 

As it is known, the massive determinant in ( p.l7|) has not been exactly 
solved yet. The usual way of dealing with it consists in performing a chiral 
transformation in the fermionic path-integral variables and making then an 
expansion with m as perturbative parameter (This procedure was employed 
for the local case in ref. [Q). Since we were able to write the partition function 
in such a way that non-local terms are not present in the fermionic determi¬ 
nant, we can follow exactly the same strategy as in the local case. To this 
aim let us hrst express the vector held in terms of two new helds $ and rj as 



A^x) = -e^ydy^{x) + d^ri{x), 

(2.19) 

which can be considered as a change of bosonic variables with trivial 
independent) Jacobian. We also make the change 

(held- 


J/(x) = exp[—g{;') 5 ^{x) + irj{x))]x{x) 

(2.20) 


T(a;) = x{.x)exp[—g{;-)b^{x) — ir]{x))] 

(2.21) 

with non-trivial Jacobian given by 



0^ r 

Jp = exp [— / (J^a;<h(a;)n<l)(a;)] 

27r J 

(2.22) 

Then we get 

Z = N J DxDxD^Dge~^’'^^ 

(2.23) 

where 

Seff = Sop + SoNLB -mj d^xxe-^^'^^'^x, 

(2.24) 
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and 


SoF = j d?x{x 0 x), 


(2.25) 



/ 


d^x {d,^f 


+1 / d^xd?ye^xei^ah[^,) (y, x)dx^{x)da^{y) 
+1 / d^xd^yb(^^) {y, x)d^y{x)d^y{y) 

- f d^xd^ylb(o) (y, x)doy(x)di^(y) 


-b(i)(y,x)diy(x)do^(y)] (2.26) 


Note that for 


d^d^bo(x,y) = dpfbi(x,y) 


(2.27) 


the last term of Sqnlb vanishes, and in this case ri{x) deconples from x, X 
and $. In the general case Sqnlb describes a system of two bosonic helds 
conpled by distance-dependent coefficients. 

Exactly as one does in the local case, the partition fnnction for the massive 
NET can be formally written as a mass-expansion: 



(2.28) 


where the < >o means v.e.v. in the theory of free massless fermions and 
non-local bosons. Using now the identity 



eqnation (p.28|) can be written as 


^ = J2T=o / nf=i d‘^Xid‘^yi < exp[2g Ei(*^>(a^i) - *^>(l/i))] >onlb 


■ < Ui=i xixi)^xixi)xiyi)^xiyi) >of ( 2 .so) 


Each fermionic part can be readily compnted by writing 
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-1 + 75 

X—^—X = XiXi 

X^^X = X“2X2, (2.31) 

Yi — 

where x = ( ))X = (Xi)X 2 ), and using Wick’s theorem with the usual 

X2 

free fermion propagator. 

Concerning the bosonic (non-local) factors, they are more easily handled 
in momentum space. The corresponding Fourier transformed action acquires 
the following more compact form: 

Son LB = J (fp{^{p)^{-p)A{p) 

+ v{p)v{-p)B{p) -^{p)fi{-p)C{p)}, (2.32) 

where 

A{p) = ^P^ + \[ko)iP)pl + %)(p)Po]> (2-33) 

B{p) = ^[ko)ip)Po + ki)iP)pll (2-34) 

C{p) = [ko)iP) - ^(i)(p)]PoPi, (2.35) 

p‘^ = Po + Pi, and <F ,?7 and 6(^) are the Fourier transforms of and &(^) 
respectively. 

One then has 


< exp[2gY,{^{xi) - <h(|/i))] >onlb= 

i 

/ D^{j))Df}{j))e-^oNLB 

This v.e.v. can be computed by translating the quantum helds ‘h(p) and 

p{p), 
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$(p) = (j){p) + E{p) 

V{p) = pip) + F{p) (2.37) 

where cj) and p are the new quantnm helds, whereas E{p) and E{p) are two 
classical fnnctions satisfying 


with 


and 


We then get 


E{-p) 

Ei-p) 


4:9 B{p) 
A{p) 
^gCjp) 
A{p) 


D{p,Xi,yi) 


D{p, Xi,yi) 


A = C‘^{p) — 4:A{p)B{p) 

i 


(2.38) 


(2.39) 

(2.40) 


< exp[2gY^{^{xi) - <h(|/i))] >onlb= 

i 

exp{-(^f j XpA^D(p,x,,y,)D(-p,x,,yi)] 


(2.41) 


Gathering this resnlt together with the Fonrier transformed fermionic 
factors 0 , we hnd 


(k\) 




Thus we have been able to obtain an explicit expansion for the parti¬ 
tion function of a massive Thirring model with arbitrary (symmetric) bilocal 
potentials coupling the fermionic currents. This result will be used in the 
next Section in order to establish, by comparison, its equivalence to a sine- 
Gordon-like model. 
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3 Connection with a non-local sine-Gordon 
model 

Let us now consider the Lagrangian density of the non-local sine-Gordon 
model (NLSG) given by 

Cnlsg = + ^J d^ydf,(j){x)d^^){x - y)df,(j){y) - p cos/50 (3.1) 

where d(^){x — y) is an arbitrary potential function of \x — y\. The partition 
function of this model reads 

Znlsg = J D(j)exp[— J d'^xCNLSG]- (3.2) 

Performing a perturbative expansion in oq, we obtain 


Znlsg — X! 

k=0 


. 1 . 


I >„, (3.3) 


i=l 


where < >o means the v.e.v. with respect to the ’’free” action dehned 


by the two hrst terms in the right hand side of equation (|3.1|) . Since we are 
again led to the computation of v.e.v.’s of vertex operators, from now on the 
technical aspects of the calculation are, of course, very similar to the ones 
depicted in the previous Section. For this reason we shall omit the details 
here. The result is 
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CXD -1 

Znlsg = 


(fxicfyi 


i=l 


. exp[- 


r (Pp D{p,Xi,yi)D{-p,Xi,yi) 

4 J (27r)2 ip2 + 10(^0) {p)Po + d{i){p)Pi) 


(3.4) 


By comparing equation (p.42| ) with equation (|3.4|) , we find that both 
expansions are identical if the following equations hold: 


m = 


ao 

W 


(3.5) 


and 


+ ^( 0)^0 + d(i)pl) 

^ 0 ( 1 ) 0 ( 0 ) 

where, for the sake of clarity, we have omitted the p-dependence of the po¬ 
tentials. 

Therefore, we have obtained a formal equivalence between the partition 
functions of the massive NLT and NLSG models. This is the main result of 
this paper. 

In order to check the validity of equation ( p.6D , let us specialize it to the 
covariant case. 


ko)ip) = ki)iP) = Kp) 

d(o){p) = d(i){p) = d(p) (3.7) 

which yields 


^ + 1 4vr(l + d(p)) 

In particular, when h(p) = 1 and d{p) = 0, our massive NLT model 
returns to the usual massive Thirring model, and the NLSG model becomes 
the ordinary sine-Gordon model. Making these replacements in equation 
(ITSD we get 
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1 


(3.9) 


t 

Att 


1 + 


which is the well-known Coleman’s result (0). Of course, in this particular 
case one also has a modihed version of the identity (^), with both m and Oq 
renormalized due to divergencies coming from the vertex operators v.e.v.’s. 

It is certainly encouraging to reproduce equation (|3.9|) . However, our 
more general formula ( |3.ti| ) enables to proht from the bosonization identih- 
cation in a much wider variety of situations, and in a very straightforward 
way. In particular, the non-local version of the sine-Gordon model can be 
easily used in the context of Id strongly correlated fermions. This type of 
systems has attracted a lot of attention in the last years, due to striking 
advances in the material sciences that have allowed to build real ’’quantum 
Much of the theoretical understanding of these physical systems 


wires 


5? 
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has come from the study of the Tomonaga-Luttinger (TL) model [|^] []H 
which, in its simpler version, describes spinless fermions interacting through 
their density fluctuations. In ref. it has been shown that the TL model is 
a particular case of the NLT model considered in the present work, corre¬ 
sponding to 6 ( 1 ) —>• oo and 6 (o) associated to the density- density interaction. 


V{pi) = 


For this many-body system, adding a relativistic fermion 


b(0) (p) ■ 

mass is intimately connected to the description of backward-scattering pro¬ 
cesses (the so-called Luther-Emery model 0). Therefore, the NLSG model 
could be used to explore the Luther-Emery model. For illustrative purposes 
we shall consider here the spinless case, although the extension to the spin-| 
case can be easily done within this framework (See ^j). To do this, according 
to the previous discussion, one has to take the limit 6 (i) —> cx) in ( |3.6| ), thus 
obtaining 

1 

^^ --- (3.10) 

{pi)pl + 47r(p2 + d(o)pl + d(i)Pi) 

In this context the above equation has to be viewed as an identity that per¬ 
mits to determine the potentials necessary to analyze the original fermionic 
Luther-Emery model in terms of the bosonic NLSG model. For instance, if 
we set d(o) = 0 and j3^ = dvr, (i(i) turns out to be proportional to V. Then 
equation (|3.1| ) describes the dynamics of the collective modes, whose spec¬ 
trum, as it is well-known, develops a gap due to back-scattering effects. By 
virtue of equation (|375|) one can directly read the value of this gap from ( |3.1| ), 
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obtaining m = 

In passing let us mention that the study of the Luther-Emery model in the 
presence of impurities could be also undertaken by combining the present 


scheme with the results of ref. [15 


We think that the identihcation we established in this paper might be use¬ 
ful to compute hnite size corrections in the massive Thirring model. There 
has been some recent interesting studies on this subject which found differ¬ 
ent results for the values of the central charges of the massive Thirring |]^ 


and sine-Gordon [|^ models. One possible explanation for this disagreement 
has been given in ref.|]T3, where it is argued, by using perturbed conformal 


held theory, that Coleman’s equivalence is spoiled by hnite volume ehects. 
All these investigations are restricted to local models. In this context, our 
approach could be employed to examine the inhuence of non-contact inter¬ 
actions on the perturbed conformal properties of the systems. Since such a 
computation is expected to be closely related to the ground-state structure 
of the theories under consideration, it will be facilitated by recent results on 
the vacuum properties of the NLT model |T^. This problem is beyond the 


scope of the present article, but will be addressed in the close future. 


12 
























4 Summary 

In this work we have considered an extension of the massive Thirring 
model in which the fermionic cnrrent-current interaction is mediated by dis¬ 
tance dependent potentials. We also introduced a simple modihcation of the 
sine-Gordon model that consists in adding a non-local kinetic-like term to 
the usual bosonic action. By analyzing the vacuum to vacuum functionals of 
each model through perturbative expansions, in complete analogy with the 
original procedure followed by Coleman in his celebrated paper , we found 
that both series (the mass expansion of the Thirring-like model and the ”fu- 
gacity” expansion of the sine-Gordon-like model) are equal provided that a 
certain relation between the corresponding potentials is satished This is our 
main result (See equation (|3.6|) ). Taking into account the close connection 
between the non-local Thirring model and a non-relativistic many-body sys¬ 
tem of one-dimensional electrons, we have depicted how to use our result in 
order to study the back-scattering problem by means of the non-local sine- 
Gordon theory proposed in this paper. We have also stressed the possibility 
of using our result as an alternative tool to check the validity of Coleman’s 
equivalence at hnite volume. 
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